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2 Quantum Fields Introduction to Many-Body Physics

2 Quantum Fields

Exercise 2.1

The partition function is

_ —Bhw/2
= ¢ A/ T (2.1.1)
Let z = Shw,
Z=e"2(1—e"")L, (2.1.2)
The internal energy is
o0lnZ
E=Ny|-
! ( 05 )
107
= _Nahw——=
A7 ox
vt (14 < 2.1.3
75‘4 <+sinh§>' (2.1.3)
The heat capacity is
¢, _ O _dsoE
V7T AT ox
1 1
= *R(E2 . 2/x
4 sinh*(3)
= RF(z) (2.1.4)
where )
x/2
F = ——= 1 2.1.5
() (sinh(:c/2)> - ( )
in the  — 0 limit (kpT > hw), where it recovers the Dulong—Petit law.
F(z)
1 D-P law
x~T!
Exercise 2.2
1 Ng—1
D (amli) Glan) = = D el
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J Jj=0
= ) 2
_ i(n—m)<~Jj
=¥ ; e N7 (2.2.1)
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If n # m, then!

1 eier(n—m) -1

LHS = FseiQW(n—m)/Ns -1
1 sm( ( )) e—m(n m)/Ng
NS sm( (n m)) e~im(n=m)
_ 1 sin(n(n—m)) (-1 )Ns L (n—m)
~ Ns sin ( (n— ))
=0.
If n = m, then
Ng—1
LHS = 1
D
=0
=1.
Therefore,
<Qm‘Qn> = 5mn-
Exercise 2.3
Have
. ho.
z(0) = Yoo (a+ aT)
N h iw ~ iw
2(t) = %( P+ afe )

(afa) = (3)
(aat) = (a'a+1) = (a) + 1
(ag) = (afa) =0,

where

Substituting in (2.3.3) gives

Sa(t) = QTIZUJ cos(wt)[  2n(B) + \1// ].

finite-T excitation Zero-point fluctuation

11 believe the stated result is missing the red N;l‘

(2.2.2)

(2.2.3)

(2.2.4)

(2.3.1)

(2.3.2)

(2.3.3)

(2.3.4)

(2.3.5)

(2.3.6)
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Exercise 2.4

(a)

[b,b] = u?[a, a] + wola, at] + wolat, a] + v?[at, af)

= (2.4.1)

[b,07] = w?[af, a’]) + wola®, 4] + wola, a'] + v*[a, ]
-0 (2.4.2)

[b,bT] = w?[a, a') + wola, a] + wola®, at] + v?[af, 4]
=u? —0?. (2.4.3)

The first two canonical commutation relations of b are guaranteed by the canonical commutation
relations of @, while the last one satisfies [b, bT] = 1 if and only if u? — v? = 1.

This means that it is convenient to parameterise u,v as u = cosh#, v = sinh 6.

(b) Given u? — v? = 1, the inverse transform is
a = ub—vbtal = ubt — vb. (2.4.4)

Then we can expand

1 PN PN s PN 1
ata + 5 =u?b'b — b’ — uvbb + b1 +
= (u* +v?) (6*8 + ;) — uv(bTbT + bb) (2.4.5)
and similarly
aa+afat = (u? + v?)(bb + bTb") — 4uw (BTB + ;) (2.4.6)
using u? — v? = 1. Therefore,
2 2., ,2 ST Ay 2 IV
H = [w(u” +v°) —2Aw] (b b—|—§ + E(U + %) —wuv| (b6 + bb) . (2.4.7)

For H to be diagonalisable, there must be some 6 such that for u = cosh 8, v = sinh 6, the latter
term vanish,

A(u? +v?) = 2wuv . (2.4.8)
In 6, this is
A cosh 260 = wsinh 20, (2.4.9)
SO A
tanh 20 = — . (2.4.10)
w
Therefore, we must have
Al < w (2.4.11)

for H to be diagonalisable.
The new frequency is

O =w(u® +v%) - 28w
= wcosh 260 — Asinh 26 . (2.4.12)
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Given tanh 260 = %, we have

cosh 20 = ﬁ , o
SO
O =+Vw?—-AZ, (2.4.14)
Since
u? +v? = cosh20 = ¥
© 2.4.15
{u2 —v?2=1, ( )
we have
{UQ%(ngl) (2.4.16)
1 (w o
v=3(5-1)
We need to take care of the signs when taking the square roots.
_ /L Y 1
BN (2.4.17)
1 w
= A — —_— — ]. .
v = sgn )\/ 2 (m )
(c) We have
—_aatat s 1 vk
e = Z o (—aaTaT) . (2.4.18)
k=0
The commutation relations are .
[af,e” @' =0 (2.4.19)
and
[& e—aaTaT] _ Z l(_a)k [d (&T)Qk]
) k' )
k=0
= 1
=Y = (—a)F-2k(ah)* T, (2.4.20)
k=1""

where in evaluating [a, (a7)"], notice that when you move a to the right of a string of a'’s, each time
you move through an af, you get a [a,a'] = 1 multiplied with the other (n — 1) a’s.
Therefore,
- Aty —aatal
(ua +va'e |0)

= [u (e a4 a,e720""]) 4 vemoe"eat] o)

= {UZ %(_a)ka(dT)chl + ,UZ ]::‘(_a)k(df)ZkJrl} |0>
' k=0 "

k=
=3 (o)t [‘kf_l 2(k + Du + } (ah)?+ o) . (2.4.21)

el
~
Il

For this to be 0, each term in the sum must be zero, and hence

v
a=—.
2u

(2.4.22)
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Alternatively: suppose
0) = "cnln) . (2.4.23)
n=0

Then
b[0) = (uar+vi") Y o [m)
n=0

:chn\/ﬁmf1)+chn\/n+1|n+1>

n=1 n=0
= ucy [0) + Z(ucnﬂx/n +1+vep—1v/n) |n) . (2.4.24)
n=1

Each term must vanish, so

ucy =0
2.4.25
{Ucn+1\/n+1+vcn1\/ﬁ:0 forn>1. ( )

The first condition implies ¢; = 0, while the second condition gives the iterative formula for n > 2:

v In—1
Cp = ——
u n

Cns . (2.4.26)

This means that all the odd terms must vanish:

Cok4+1 = 0 (2.4.27)
for k € N, while the even coeflicients are
vk [(2k — 1)

Therefore,

k=0
_ 2k vk [(2k—1)! (dT)Qk .
- k=0 (_5) WW |0)
oNE 1 e
B o (_;) (Qk)!!(aT) *10)
- {Z;' [_;u(&*)ﬂk} 10)
k=0
= exp (—%aw) 0) . )

Note that the new vacuum is not the old vacuum. It contains indefinite, even number of the
original bosons.
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